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1.

INTRODUCTION

The basic problem of this thesis is the exploration
of an approach to the mechanisation of inductive inference.
An inductive process is understood to mean, in this paper,
the examination of specific cases v!.th a view to making
generalisations that may apply to a given set of which the
known instances are members. These generalisstions, if
th_oy can be formulated, are the result of a search for a
pattern of change. |

The program begins by generating a sequence of expressions.
The definition of an expression is given in Chapter One, but
for discussion purposes it may be thought of as a string
of symbols connected Ly binary operators. ~The meaningful
expressions are assumed, here, to be differentiable functions,
and the successive differentiation carried out on an input
expression generates expressions whose pattern of change
is to be explored. The pattern program, however, m
constructed to examine oy set of expressions roguﬁl,ou
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of the rules under which they were gemerated. The search
depends, for initiation, only on a specific representation
of the expressions. This method of representation is a
common method of syntactic analysis of input strings of
symbols, sometimes referred to as Ershovts algorithn.l

Bocain the method of representation is a key choice
with respect to the pattern search, the first chapter is
devoted to a detailed discussion of a particulsr implemmtation,
The next section deals with analytic differentistion based
on the syntactic andycil described. The program to sccomplish
this is based on those of Hanson 2, B. W. Arden J , and others.
Those familiar with their methods may wish to turn to the
third section where the discussion of the pattern search
begins.

The main program accepts the first k derivatives of
an input expression which are repressmted as antof
matrices, and by examining the sequences of operators snd
operemds: attempts to construct a description of thelr
p@ttora of change, if eﬁo can be found. This deseription
is stored in two matrices, one of which holds the information



in the input matrices in a three dimensional array, and the
other, the pattern of change descriptor, is formulated from
‘the first. An auxiliary matrix, referred to as the "decision
natrix" keeps track of the success of the search at each
point m the arrsy. A successful search, one in which a
complete pattern is found, permits the construction of any
a2t derivative, where n > k, of the original expression
directly from the k™ derivative, by inference, snd this
last construction is also implemented by a machine program.
Proof that this is the n'® derivative is not given in this

paper, but it may be established by mathematical induction.

Input strings are written in Fortran with the ususal
interpretation. However, this restriction is not qunt:lnl
to what follows. Experimentation with format-free input
mﬁnnt:l‘hn} shows that it is f_ouiblo to analysze data in

' ond:lnarj _-dgobrdc notation, except, of course, for non-
linear Wpts or subscripts. In Chapﬁr,mo. there
is a mﬁrcut.ino established to facilitate the handling
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of symbols in arrsys, and to‘pror:ldq an interpretation.

The programming was carried out in CDC Fortran 63.
Since the operations require manipulation of symbols, and
what is, in effect, list.processing, languages such as
IPL-V and LISP were considered because of their special
capabilities in these areas. The decision made with
regard to a programming langusge was based on its
availability at the computing center.
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CHAPTER ONE

Pattern Generation through the Analysis
of Input Strings

An approach to the problem of mechanizing inductive
inference can be made by developing subroutines for pattern
detection, and change prediction, that parallel the activity
of a mathematicisn who seeks an algorithmic definition of
the nth gentence of a relation shich is already recursively
defined. It need not be the case that the n'! sentence is
unknown, in the sense that there is no path to its expression,
but only that the lsbor inmvolved is prohibitive. For example,
by observing a changing pattern generated by recursion, mathe-
maticians have constructed formulas such as the binomiasl |
expansion. It is safe to assume that the mental astivity
of the discoverers was initially that ot. inductive inference,
and then a deductive proof was sought to support the stateamnt.

There has been considerable interest in using the
camputer in theorem proving based on deductive reasoning.



For a survey of such algorithms, we refer to a paper ty

D. H. Potts.® To this we add the work of J. A. Bobdnson

on machine-oriented logic. 7 It is noteworthy in the case

of the investigations mentioned, that the theorem produstion
is less interesting from the standpoint of originality than
the special procedures dcvolopd for the machine. At first
there is an att-bt to imitate the human problem solver,
Mthmhmlﬁtmtc_amonppndwmuo of a
machine. For example, in his introduction, Robinson indicates
th:l.a change of attitude and method:

", . « Traditionally a single step in a deduction
has been required, for pragmatic and psychological
reasons, to be simple enocugh, broadly speaking, to
be apprehended as correct by a human being in a
single gestalt. . . The 'single human gestalt'
restriction is no longer very appropriate when
the principles of inference are to be applied ty
a modern computing machine. More powerful
principles, requiring perhaps a much greater
amount of combinatorial data-processing for a single
application, become a possibility. . ."

In the same fashion it is worthwhile to study the inductive
processes of the human thinker, supposing at the same time

that modification of some significance can be introduced
thrdugh mechanigation.
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Accordingly, we wish to explore the use of the computer
in inductive inference in two ways: (1) to mechanise repetitive
processes in order to reduce burdensome symbol manipulation,
and, at the same time, to inorease acocuracy; (2) to develop
heuristic means of arriving at hypotheses more repidly.

To satiafy the first of these goals, it is necessary to
develop a vocsbulary to handle initialising expressions and
their subsequent manipulations. What is done here, is to
mavwmncu&aﬁﬁatithmmm
in paﬁton deteoction. Moreover, in setting up this routine
we also establish a means of pattern generation, as will

be showm later.

Definition of an Expression

Expressions which serve as generators of recursively
defined functions will be called data vectors to indicate
that they represent input. The data vector is a string
syabols defined as follows:
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Using Backus Normal Forn® we define:
<VAR> :: = Plq|R|s|t|ulv|w|x|¥|z
< coN > :: = A|B|c|p|e|r|c|n]1|2]3|4|s]6|7]8]9l0

. < FUN> s1:= SIN|cos|maN|cor|sEc|cac |asTx |acos|aTan|
* AcoT|ASEC|AcsC| ST |com | TAME | COTH |sECH|
 CSCH | ASTHE| ACOSH | ATANE | ACOTH | ASECH | AcscH|
1oc | Exp

<OP> 3: = $|(|)|-|+|¢|/|m|tt|.

kpi-ouions are defined to be:

<DATA> :1 =< CON>|<VAR> |[<FUN> . <DATA> |
<DATA> + <DATA> | < DATA > « < DATA > |
< DATA> * < DATA > | < DATA > / < DATA > |
< DATA > ** < DATA > | NEG < DATA > | (< DATA >)

 Expansion of this basic vocabulary will be noted in the
sections appropriste to its need.. ALl symbols defined will
be referred to as elements of a langusge L.
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The expected interpretation of these symbols is:

< VAR > :: = a varisble

< CON> :; = a constant

< FUN > ;;: = g function name

< OP. > 13 = an operator, where $ is the delimiter of
an expression, and * indicates multiplication,
-, mmﬂnﬁon. NEG represents unary negative,
and ".® ig a pseudo-operator, introduced,
following the suggestion of Hanson in his
paper on analytiec differentiation 2, to
relate a function name to its argument.

< DATA > :: =.an oxpres-sion in L.

Syntactic Analysis of the Dats Vecto

Since we are interested in pattern detection, the
method and form of storasge of input is very relevant to
the subsequent program. It turns out to be, 1n fact, a
_ l;cy selection. Ershov's algorithm 1 for syntactic analysis,
sdapted to a Portran program, possesses chluctorhticl
 which make it especially suitable for pattern generaticn.
This sdaptation is desoribed as follows.



The data vector is analysed from right to left, and
the elements are placed in what is equivalent to a push-
down store, from which they are transferred according to
operator precedence, to a matrix whose rows consist of an
ordered pair of operands and their respective binary operator:
0(as8).

Let 0 represent an operator in L, and £(6) be its
precedence level. Then we assign the range, £(0), as
Tollows:

£($)
£2()) = 1.
£20(() = 1.
£2(-) = 2.

]
o
.

2(+) = 2,
£7(*) = 3.
(/) = 3.
£(NEG)= &,
£(s+) = 5,
£(*) = 6.

These values determine the respective precedence levels of
the operators.



As the data vector is scanned from right to left,

- elements of L are placed in a push-down store in the order
winlh:l.chthq are encountered, except for the symbols "$§",

m(w, )", A precedence test is made for each cperator,

and a precedence list is created for the range of the operators
in the same mamner as for the symbol list. Then the following
re-write rule holds:

Let &, P be elements of the sets VAR, CON, or FUN
in L, and 0 an element of the set OP. Then 6(ax.p)

is a binary operation in L.

01.1(0.8) fnd Bj iee £(®) < f('i_]_)o
and 04 # "), where j indicates the j®
re-write in the scan.

03_1(a.8) becomes the 3 row of the matrix M which is
& parenthesis-free representation of the input expression
with operator precedence preserved by means of the row order.
The Ry's replace three symbols, i.e. & binary relation in
L, in the push-down store, after which they are trested as
regular symbols of L. '



Example: (1)
Let the input vector be:
(a2 - (tan x)2)/(ax3 + m(a)).
Its representation in L is:
$(BeXss2 - (TAN - X)#%2)/(A*X**3 + SIN - (CMX))$ .

" The syntactic scan produces a matrix which satisflies the
re-write rule:;

*(C,X) - R
«(SIN,R1) - R2
*%(X,3) - B3
*(A,R3) - B+
+(R4,R2) =~ B
«(TAN,X) -~ B
“(B,2) - K
**(X,2) - B8
«(B,B8) = B9
-(R9,R?) =~ HI0
‘/(R0,R5) -~ m1
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The symbols Rl, R2, etc. are stored as part of the
replacement vodchulnry. The actual computer generated
print.out looks like this: -

c =*= I
SI¥N - R
I s 3 |
¥ § * R3
M + R
AN - X
R6 e+ 2
X * 2
B * B8
RO - R7
mo / B5

It is clear that the re-write rule has been obeyed, and that
a pattern has been generated.

Disgrem of the sbove scan:

$Bexwwz. (UN-X)ew2))/ (AsX w3 sl - (D)
! '—x—J . - e

| Y —— .1. L E |

L 1 /1 ' - _J




The program which performs this analysis will be
reforred to as RAC (Read Analysis of Context). It is
the first of the subroutines written with a view to pattern
generation. Before contimming the discussion of the
program itself, we should notice briefly how it might be
considered a pattern generator. Suppose the data vectors
produced are the successive binomial expansions of (a + b)%.
That is, the vectors: ;2 + 2ab + bz. a3 + Bazb + 3.,1:2 + b3.
and so on. The subroutine RAC represents them as the
following matrices:

(1) (2) (3)
B L 1 ] 2 B L 1 ] 3 B L 2 ] ‘l»
A L ] 2 B L 1 ] 2 B L 1] 3
RR2 * B 3. % A h =» A
A = 2 R3 = R2 R3 = R2
Rtk #+ R3 A o 2 B s 2
RS + R R * B . A ¢ 2
RE * B 6 = ;3
A * 3 R? = R5
RB + ). /4 A = 3
RO + Ri RO =* B
R10 + R R10 * i
A * L
R12 + Rl
R3+  BR8
R4 + M
RS + R

In Chapter Threes pattern detection is dealt with

nore fully, but the above example is inserted here to
indicate the motivation for the selection of this method
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of storage. It is visually cﬁdont that there appears to
be at least an operator pattern of change in the first
three productions. Moreover, its detection could be mechaniged |
very simply. Subpou that we use an alphabet consisting of
operators -, +, *, /., NBG, **, and * , and ask that the
pattern be expressed as a double-rowed list showing order
and frequency of symbols from bottom to top. Then an
induction is to be made cn the order and frequency for

the next row. If the induction holds, it is tested on

the next row, and so on, until there is sufficient
credibility to warrant a hypothesis.

Alphabet: ¢ . X xx * % = = (* =)
Frequency: (1) 2 1 2

2) 3 1 2 2 2

3) 4 1 2 1 2 2 2 2

The first hypothesis generated by the program is that the
operator pattern of the next expansion is:

) 5 1 2 1 2 2 2 2 (2 2)
which, in fact, is correct. The final operator pattern



to be induced is for (a + b)2

Alphsbet: + %= & w5 & ss w  sx (s w5
Frequency: (n=1) n 1 2 1 2 2 2 2. «e2(n-2)

repetitions.

Now if similar procedures are applied to the operand
lists, the n'® matrix store can be constructed, and we have
an algorithm for the n'd expansion in a new form, without
proof, but with a weighted confirmability. It is also possible
to search for a counterexample whose existence would destroy
the hypothesis, Iregu'dlou of the weight of confirmability
built up.

The adnntqgehs’». 'nlroady evident, of this approach
are that the operations are entirely mechanical, ?he—nf‘h
natrix can be produced by the computer, it can be output
in fully parenthesized form, and finally, numerically
evaluated for any parameters, and any N within machine
capacity. In the example showm, this would be of little
value since a well-known algorithm exists, but where this
is not the case, it is an approach to mechanizing hypothesis

formation by inductive reasoning.
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CHAPTER TWO

Analytic Differentiation as a Pattern Generator

The particular advantages of Ershov's algorit.h-l can
be expliited in a useful spplication. A computer program
for analytic d:lfforcntuticn ney employ this dgariﬁ-
effectively as has been demonstrated by B, W. Arden’ in
his text on digitsl computing, and in the previously
mentioned work of Hanson?. The capacity of RAC to generate
pattermns is not limited to some particular type of
subsequent re.urite procedure such as the one which follows.
Any other type of symbol manipulation which would result
1n  another operator hierarchy-preserving matrix of the same
form would serve as well.

It is possible to extend the language L by introducing
a second set of re-write rules which will replace the input
matrix with a derivative matrix. We remark that our
chief concern is with pattern gemerstion, and detection
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techniques, but thoro is an incentive for this specific
spplication domsin in that the algorithmic defimition,

in non-recursive form, of the n'® derivative of functions,
and functions of functions, is not, in general, & fully
solved problem. Even in cases where foimlu for the

nth derivative exist there is not always a simple,
operationsl statement available. Moreover, there is

a very wide application for the nth derivative in numerical
analysis. It is hopeful that extensive experimentation

~with pattern detection on derivative matrices may be,

at least, productive in labor reduction in actual cal-
culations, and further, lesd to the formation of new
algorithms.

Program for Analytic Differentiation

The second progril. prolh:lmr,_v to the induction
experiments, resulted in the development of a subroutine

which will be referred to as PAD (Program for Analytic
Differentiation).
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Analytic differentiation is sccomplished by m
a second set of re-write rules to L. These re-write rules
are based on the definitions of the first derivatives of
the functions listed below, and on the grammar of L.

Let a, B be expreasions of L, and da, d8 be their
derivatives, then: for a,8 = VAR, da,d8 = 1, a,f = CON, dx,d8 = O,

dfa~+8) = da+ dB.

d(a *B) = da *B +a * dg.

dla /8) = (da *B8 -a* ds)/(g**2).

d(a ** 8) = a ** 8 * (a*dB/p + da * L0G -(a)).
d(sm - (a)) = COS - (a) * da.

d(cos * (z)) = ~8IN ° (a)* da.

d(TAN * (a)) = 8EC « (a) **2 * da.

d(CoT * (a)) = -(CSC ° (a)) ** 2 * da.
d(SEC * (@)) = TAN - (q) * SEC * (a) * du.
d(csC * (a)) = -CSC ° (a) * SEC * (a) * aa.
d(ASIN ¢ (a)) = da/(1'- a ** 2)**(1/2).
d(acos -+ (a)) = - da/(1 - a »* 2)**(1/2).
d(ATAN * (a)) = da/(1 + a ** 2).

d(acoT * (@) = - da/(1 + a ** 2).

d(ASEC * (a)) = da/a * (1 - a ** 2)*%(1/2).



d(acsc - (a))
a(sDE * (a))
d(cosE * (a))
d(TANH ° (a))
da(cotd * (a))
d(SECH °* {(a))
d(CscHE °* (a))

= _&/u s (1%q " 2).#(1/2');'
= COSH * (a)-* da.

= SDH ° (a) * da.

= SECH * (a) ** 2 * da.

= . CSCH * (a) ** 2 * da.

= - SECH () * TANH ° (a) * da.
= . CSCH * (a) * COTH * (a) * da.

d(ASIMH * (a)) = da/(1 + a ** 2)%%(1/2).
d(ACOSH ° (a)) = - da/(1 - a ** 2)*s(1/2).
d(ATANH * (a)) = da/(1 -~ a ** 2),.

d(ACOTH * (a)) = da/(1 - a ** 2).

d(ASECH * (a)) = - daf(a * (1 - a ** 2)*+(1/2)).
d(ACSCH * (a)) = - da/(a * (1L + a *+ 2)*+(1/2)).

d(10G * (a))
d(EXP ° (a))

= da/a.
= EXP * (a) * da.

The application of this set of re-write rules to

the matrix produced from the data vector constructs a

second matrix designated as the derivative matrix.

A subroutine, REPAR,will return the matrix to a fully

parenthesised notation. However, without intompt:lon
the program will replace the original vector with the
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output of the derivative matrix, and upon ropoﬁ.ti.on of

the routines, produce successive derivatives. Test programs
permit the vector to reach a maximum of 500 symbols in
length. The number of derivatives of an expression, is,
therefars, erbitrarily limited to this expansion.

Description of PAD

The re.write rules operate on the input matrix in
such a manner that the derivative matrix becomes a con-
- tinuation of the input matrix.

Let the first n rows of binary relations, 0(a,B),
represent the data vector, where 01(04_.31) -.Rj.

For each 63(ay,83) the re-write rules will produce a row

or a set of rows, Ont-3 (Ot §oBrt )0 + o+ oOn Jeic(Tmt J4kc o Brrb J4c) «

Then oaeh bi!lll']’ relation, lm(m,ﬂm) - RD,, where
the RD, 's are a new list of symbols added to the vocabulary
of L to replace a row in the derivative matrix.



Finally, 04+3j(RDni,BDpnyi) is the derivative of a
function for which a single binary relation does not express
the derivative gensrated by the definitions in the re.write
rules,

For the example given in Chapter Q;o

~

:
IE
E
a

=]
.El
» EB -

b ¢ *e
- —0 7 s
s 3 :

c
SIN
X : .
_________,_,,_,__———a[a »
A * R3 —
— [RD17 +
M + R _
' L [sEc -
TAN - X | RD19 *=*
RO = 2 R6
— | 2 *
X =% g\ | RD22 *
B * 88 \\\\\\\ \’Px "
\ -2 .
R9
R10

LIRS
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The subroutine REPAR returns the derivative to a
fully parenthesised expression by starting with the last
row of the derivative matrix and replacing each Ry or RD\
encountered by its representation in the original row,
that is,by elements of the sets VAR, CON, or FUN. At the

same time, parimtheses are roj:lacod to pruci'n operator
precedence.

| ) In the following illustration the search tree for.

row replacement and parentheses insertion for the numerator
of the previous example is disgrammed, with the operator
for each binary relation placed at the tree nodes.

The scan begins with:

RD30 & RD26 - RD23
RD26 — B * RIRS
RD25-52 * R4

Its continuation can be easily followed through the tres.
The leftmost negative sign is the operator for (M.MS)



‘ 25,
Search tree for row replacement and parentheses insertion
for the mumerator of Example 1.

L L . ]
2
g
/ .\to-d_—l
L
—/ — L & °<:m
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The language of L is placed in the program by means of
data statements. These :l.n turn are stored in common so as
%o be available to the subroutines. In practice, the arvey
names for the input matrix and the derivative matrix are
distinct for the purpose of external :ldc;:ta.ﬁc‘atiw. but
the derivative matrix is, in fact, a continuation of the
input matrix. The row numbers, however, do not overlap.
Since the input matrix has an arbitrary number of rows,

n, the program assigns the n+l row to the first row of

the derivative matrix. The array names for the input matrix
and the derivative matrix are declared equivalent, but the
above scheme always assigns them to separate sections of
the block. An examination of the program shows that the
equivalence statement simplifies the nnrcﬁ in REPAR.

" The subroutine EVAL provides for the numerical evaluation
of the derivative. RAC, PAD, and REPAR manipulste symbols
which are Hollerith constants. A new set of re-write rules
 are introduced which replace each binary relation in the
derivative matrix with an oquivdnt arithmetic expression
in Fortran, which can be evaluated for a. given set of parsmeter,



with the evaluation beginning with the first row and pro-
ceeding downward, since Ry may depend on some Ri_j rows,
where 1, j are positive integers and i is greater than Jj.
ihun the last row is reached the value of the derivative
has been calculated.

EVAL was developed, at first, as a checking routine,
but it is possible to incorporate it in the pattern search.
In Chapter Three we consider a "plane" pattern generated
by each derivative, and the numerical evaluation could be
considered as a point in this plane, but the variation |
introduced by the substitution of different parameters
leads to procedures distinct from the type created by the

use of symbols alone, and for this reason E‘VAL is not used
in the pattern examination program.

Another subroutine to extend languege L does prove
to be useful. The subroutine SUBCON is called whenever
a constant occurs in a data vector which is not identified
in L. SUBCON replaces the constent with a Hollerith constant,
and records the substitution. The new symbol is accepted
by all routines in the pattern program.
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Pattern Examination

In the previous chapters we hxve desoribed the syntsotic

analysis of a data vector which leads to its representation

as an n X 3 matrix whose row sequence preserves operator

precedence.

Similarly, a second set of re-write rules were

chosen s0 that another n x 3 matrix was produced from the

first, and represented a derivative of the data vector.

By returning this production to a fully parenthesised

expression, and allowing the latter to replace the first

data vector, successive derivatives were obtained. ¥We are

not interested in the derivatives as such, but only in the

successive patterns of the matrices representing them.

This routine is regarded, now, as a pattermn generating

program which stores a sequence of expressions, thus:

DATA

DERIVATIVE
VECTOR




Example 2 is inserted here for reference in the dis-
cussion of the computer program PEER which follows.

Example 2;

Let DATA = (A*X + B) **C, and n = the number of
derivatives, where n < C.

Then the input matrix is:

A * X
n + B
R2 ¢ (

and the first four derivative matrices are:

(1) a 1 (2) a * 1
c 1 n . 1l
R2 *+ RDS R3 e+ RIS
(o] . RD6 RL = RD9
RD7 * RD4 RDIO * RD?
c * RD11
RI2 * A
(3) Ao =+ 1 ) 4o == 1
R - 1 R - 1
R3 #* Rp1 R3 *+ RO4
RL * mm2 Rl * BERM5
RDL3 * RILO RDL6 * RIL3
R6 = RDOLY BB = RD17
RIS * A RDNS * A
RDNS * A RN9 * A
RD20 * A



Program PEER (Psttern Examination and Evaluation Routines)
consists of three main parts: the pattern detector, the pattern
evaluator, and the algorithm builder, In this section we will
discuss the first of these.

The Pattern Detector

This part of the program accepts each derivative matrix
and produces from it an m x 6 x n matrix, called GRAPH(I,J,K),
where I ranges from 1 to m, m = the maximum index of R, J ranges
from 1 to 6, snd K from 1 to n, n = nth index of the derivative.

For each derivative, Kis fixed; therefore its GRAPH matrix
is referred to as a "plame" pattern, and each new derivative
produces a new plane. The set of planes forms a three _dinensional
representation of a changing pattemn.

‘The formation of each plane proceeds as follows:

(1) Por J =1, let:
<BETA> 1: = -I-i-l*l/ Im |u| .
Then GRAPH(I,1,K) = EETA(I) for 1 < I <m, K fixed,
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where BETA(I) is sn ordered sequence of operators, no adjacent
pair of which are identical.

E.g. from Example 2:
For K =1, BETA is the ordered set {*, -, **, *},

(2) For J = 2, let:

TALLY ={1,2,3, . ..,m}.

Then GRAPH(I,2,K) = TALLY(I), for 1 < I < m, where
" TALLY(I) is an ordered sequence of the frequencies of
successive repetions of each operator in BETA.

E.g. from Exsmple 2: ,
For k=1, TAUY = {1, 1, 1, 2} .

(3) For J = 3, let:
<AP>::= < CON> |<VAR> | < SUB> |(blank) ,

where CON and VAR are the symbols defined for the vocabulary
L, and

<SUB> 1= Ah |BB |cc |0 [2E | PP |GG|1m .
that is, the ;'oplac-ent symbols used by the subroutine

SUBCON for a constant (or variable) symbol not in L.

Then GRAPH(I,3,K) = ALP(I), 1< I<m, where ALP(I)



is an ordered sequence of comstant or variable symbols, or
blank spaces.

E.g. from Example 2:
rorxcl.anfA. c. mn? c} *

(4) For J = 4, let:

asnu-{l.z.a.....-} .

Then GRAPH(I,4,K) = RESEQ(I), for 1 < I < m, where
RSEQ(I) is an ordered sequence ot row indices.

Eoeo WvM‘Zg
ForK=2, and J = 5,
ROWSEQ (I) = f1, 3, 1, 10, _, 121} .

(5) Por J = 5, GRAPH(I,5,K) = ALP(I), and

(6) for J = 6, GRAPH(I,6,K) = RSEQ(I), in the same manner

as for J « 3 and 4 respectively. When J = 3 or 4, GRAPH(I,3,K)
and GRAPH(I,4,K) represents a scan of the first eperands of

the derivative matrix-; when J is set at 5 er 6 the second
operand is scanned. |
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A(a. B\é)

Jd = 1 2 5 are columms derived from
the scan of the binary relation in each row of the matrix.

For K = 1, GRAPH(I,J,K) in Exsmple 2, the first pattern
plane appears as: ‘

*

'
N H e H
™

On page 33 three subsequent planes are showm for this
same exmmple. This diagram should bs referred to in the
discussion of searches in the "K" direction and the "IM,
A search on some points in the "K" direction is indicated.
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Pattern Planes for K = 2, 3, 4 in Example 2.

W

\B& B o5




.

The program is now ready to seek evidence of a pattern
of change, if cuo exists. In constructing the GRAPH planes
one pattemn search was already made on each derivative. In this
search the operator alphabet was determined with a frequency
of successive repetitions assigned, thus forming a set of
ordered pairs which completely ducribo the operator pattemn.
However, the construction of the GRAPH planes is straight-.
forward, and for the most part, a reorganization of the
information in the derivative matrix. At this point, heuristic
procedures enter, and the examination of the change in pattem
V:I.. carried out by means of a series of trials which are
evaluated in part two of PEER.

For frequencies, we may select a search for an arithmetic,
geometric, Fibonacci, or sny common mathematical sequence.
However, in the problems taken from a freshman calculus text,
no sequence other than an arithmetic sequence was touhd‘.

For this reason it is the only Wpo of numerical sequence tester
that is incorporated permanently in the program. As can bo
seets from the construction of the GRAPH planes this sort of
test is roquirod for J = 2,4,6. In the first complete iureh
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as defined below, the arithmetic sequence test is basic.
Alternates exist which may be called by the evaluating program
discussed in the next chapter.

" Actual trials on 50 expressions selected at random

from a cnlucnlus text indicated that it was efficient to

make the first search a complete test of the pattern cube
using a basic set of techniques selected from preliminary runs
as the most tr‘qucnﬁly successful in pattern discovery.

By a complete search is meant the application of this set

to all rows and columns without using altermate routines.

The doc.'uicn'té proceed to the algorithm builder in the case
of a successful search, to stop, or to call alternate routines
is the functiom of the second part of the program.

A complete search requires a single, two.directional
test on each point of the plane. In the diagram on page 33,
a one-directional test on three points is indicated. The
nature of these tests is heuristically determined. The two
which produced results on the above mentioned set of problems

are as follows: we seek to establish that one of these alternatives,



for successive planes:holds:
(1) Operator alphabet is fixed or altermating

Operator frequencies are fixed or expand in an
arithmetic sequence.

(2) Constants are fixed, or their repetition can be
-desszlbid by an arithmetic aoqncnc.o.
Row sequence numbers change according to an
arithmetic sequence in either or both K and I
directions.

The simpilast case for the operator alphabet is that of
8 fixed order with frequency expansion in an arithmetic
sequence. Example 2 is an illustration of this. In the
last section of this paper, on pp. 60-62, Example 3 shows
an slternating and expanding pattern in the eperator alphabet.
In this exsmple tests made on odd (or even) successive planes
will yield a pattern.

The search is carried out in two directions. We begin
with the K directien. |



(1) Suppose BETA(I) ={*, -, **, *} for all K, and
TALLY(1) ={1, 1, 1, 2}
TALLY(2) =11, 1, 1, 4}
TALLY(3) =f{1, 1, 1, 5}
TALLY(4) ={1, 1, 1, 6}

which is the case for Example 2. EETA remains fixed for all
planes exsmined, but the frequeney tally on the last element
becomes an arithmetic sequence after the second:expansion.

Accordingly, the cnrch for a pattern of change was
built on a "sliding" mﬂnodnichmodfomrdhydnpping .
successively, K =1, 2, . . . We will refer to this as
pattern advance. In general, the test does not proceed
beyond 10 planes, but the routine places no Iu.lit on the
depth. In practice, a forward slide of two plamnes is usually
sufficient as an indicator. R

A different situation is observed in the patterm =
of oporatorl in the input matrices of the same pmbln;
It is sufficiently frequent and simple emough to warrant
inclusion in the basic routines.



(2) Suppose BETA(1) = [+, +, 9+)

‘ TALLY(1) = {1, 1, 1)
BETA(2) ={_, * <+, **, =)
TALLY(2) = {1, 1, 1, 1, 2)
BETA(3) .(_, . b, T, t“
™Ly(3) ={1, 1, 1, 1, 1, 4}
BETA(Y) =({- * + - 2
TALLY(4) = {1, 1, 1, 1, 2, 61}

Here the alphabet appears to vary, but a regular pattern of
insertion can be detected. The recognition of this type of
of the alphabetic vector, together with the pattern sdvance
. technique 11lustrated before. For discussion purposes

we will refer to this combination as pattern expsnsiom. . .

variation is handled by a rantinc inch permits the expansion

A failure to find en operator pattern could terminate
the search. However, in accordance with thé m;!ochd Plan
of making at least one complete test of all columns in GRAPH .

before reaching a decision node, no branching occuri mtil |

the end of the first soan.,



A search in the I direction follows the search in
the K direction:

(1) Por J =1, 3, 5, the alphabetic test for order and
frequency is used. Hlanks are delimiters in these
columns; hence several short sequences may be discovered.

(2) Por J =2, 4, 6, the arithmetic sequence test is used,
with zeros used as delimiters.

E.g. from Example 2:

For J = 4, the last k - 1 row indices form sn arithmetic
sequence. o
For J = 5, BETA = A and TALLY forms an arithmetic

sequence for the last k = 1 rows.

The combined search in the K and I directions results
in a prediction of the elements in the doriv;tivo matrix
of a selected n? derivative. The construction of this
matrix is discussed in Chapter Five.



CHAPTER FOUR

Pattern Evaluation

In the examination portion of PEER a set of routines
acts on each point in a given plane vhich serves as a base.
In this case, a "point" is one of the following: an operator
symbol, a constant symbol, a number indicating either a frequency |
or a row. The pattern advance routine roplabu this base with
the k + 1 plane if necessary. All points are examined since
it was docided that a complete loi of routines wonld act on
the entire patterm cube to some doptl; before attempting a
decision. Obviously the exsmination set could be varied,
but after a preliminary test on a random set of problems,

a basic list was constructed.

The next objective 1s to evaluate the results of the
search. Concurrently with the search, a decision matrix
is constructed whose dimensions, I,J are identical with those
of the K'E plane examined. The decision matrix is a logical
array of O's and 1's, where O indicates an unsuccessful search
from this point, and 1 indicates a successful search.
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In Example 2 the dochicnutrixforllplmuh s
9 x 6 matrix of 1's, which indicates a high probability that
a pattern has been detected. m.. complete set of 1's Indicates
that some pattern was found at each point beginning with
K=k, k€<n - L, vhere n is the depth of the search (the number
of planes), and L is chosen arbitrarily. |

Let G represent a point on a patterm plane for a
fixed I, J.
(1) Then if for K =k, G = Gjy] =Gt 2 = s ¢ « o9 = Gpo
the point Dy 4 in the decision matrix =1.

(2) If for K = k, Gk, Gh}l. GHZ. e o o9 Gn i‘ an arithmetic
sequence (or ‘uv other sequence selected for the test set)
then D4 4 = 1. | |

(3) If neither (1) nor (2) is true, then Dy 4 =0.

Let the value of Dr ; equal the sum of all Dy, 4's in
the matrix., From Exsmple 2, we have:
D=5k, forK=4,k=2,L=1,
D=53, forK=Uh, k=2, L=2,
D=5, forK=4, k=1, L=3,
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In the last case, k = 1 is the minimmm value, nndL-'Shfho
maximom value for K = 4; hence 51 is the minimum value of D.
The very small change from the maximm value in the weight
supports the hypothesis that a pattern of change exists.

The decision matrix is based entirely on a search in the
K direction. The search made in the I directicn is used for
the purpose of algorithm bullding, and not to determine the
" existence of a pattern of change. It would be possible,
' bym:lngthouhborotrmmdcolmmthedochim.
matrix, to include the information found in the I search, but
no particular adnntogo- sppeared by doing this in any test

problea.

A complete set of 1l's causes Peer to accept the
hypothesis that a pattern has been found. A single O
causes it to reject this hypothesis and call for a new
set of routines. An alternative to a second search set is
the generation of additional pattern planes, ﬁnt because
a feasible number cmh‘ ‘gemerated in the beginning this
technique 1s not employed. A feadshle mumber is based on
the maxiimm syhbdl length arbitrarily selected.
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CHAPTER FIVE
The Algorithm Builder

It is convenient to construct ‘an suxiliery matrix .
at the same time that the examination and evaluation ire 1n
pregreas and to ltofo it for use in algorithm building if
the decision matrix csuses the program to branch to this
mbra&tin@. as it will at the completion of a successful
search.

PATGH (PATtern CHange) is a PEER routine which builds
sn suxiliary matrix, n x 6, ﬁichmbcmde_dtoni-l,ﬂo
to hold information from the I direction search. The first
column contains the operator alphabet; the second column the
difference, di, in their sequence expsnsion; the third end
£4fth colwmns are lists of constants; the fourth and sixth
columns are the differences for the respective row number
expansions. mon-l-lmilamlordiftmo indicating
the nature of the colwm expsnsion in the same manner.

If there is an inner change of shorter sequences in any
colum, 3 through 5, this is registered in columms 7 through
10 rupoetivoly. as before.



If the existence of a pattern of change is accepted
as a hypothesis, PEER produces the projected change, that is,
for each point of GRAPH(I,J,K), where K = n, it indicates:
" Each point of GRAPH(I,J,K+L) is either fixed and
identical with GRAPH(I,J,K), or has a pattern of
change such that,
(1) the index of any row satisfies |
1 = ky + (n-t)ds, where ki is the first term of
the sequence, djy = the difference, t = k, the index
of the first term, and n = the index of the derivative
required. , ,
(2) any constant ¢ = ko + (n-t)dy, whose values
are referenced as above.
Finally, the nlo procedure is employed for I + M rows of
expansion called for by the I search.

The last routine, AILMA (Algorithm MAtrix) builds a
matrix fof a given ,nth derivative as a lvpothom'. When the
decision matrix has a uﬁ.m weight, the last plane used,
the K-plane, is assigned as an expansion base. Using
a routine REPOP, h:new matrix is formed by expanding
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the K-plane according to the information in PATCH in the PEER
routine. The program then returs to REPAR to output

as a parenthesised expression the required dor!.vcta.vo.
Al‘bomtoh. EVAL mgy be called for numerical evaluation,

or it is possible to retum to RAC if a succession derivatives
after the o'l i3 desired.

The only test of the validity of the n*® derivative
formed by ALMA was to use PAD to produce its counterpart by
successive differentiation. On the test examples this was
successful, whenever PEER was able toAﬂ.ndAa pattern, vhich
establishes confidence in the uthodn employed.

_ As an algorithm builder this represents an approach
suitable only to.a uchhe’. in that no single algebraic
expression for an n'l sentence is produced, but instead
there is a routine for jumping from k' expression produced
by the program to annu‘productien required, if the
particular representation created by the read program

.possheges a pattern of change that the program can



recognize. The claim that this parallels the activity

of the mathematiclan who generalises on a symbol manipulation
routine after some number of repetitiomns must, of course,

be qualified.

In their article on the simulation of human problem-
solving 7. Bouricius and Keller remark:

", . . People customarily think at various levels
of abstraction, and only rarely descend to the
abstraction level of computer language. In fact,

it seems that a large share of thinking is carried
on by the equivalent of "subroutines" which normally
- operate on the subconscious level. It requires a
good deal of introspection over a long period of
time in order to dredge up these subroutines and
similate them. We believe that peocple assume that
they know the legical steps they pursue vhen solving
problems, primarily because of the fact that when
two humans communicate, they do not need to descend
to the lower levels of abstraction in order to
explain to each other in a perfectly satisfactory
way how they themselves solved a particular problem.
The fact that they are likely to have very similar
fgubroutines" is obvious and also very pertinemnt. "

The subroutines employed by PEER are at a very low
level of abstraction: MNevertheless, they do nchanis\o an
inductive inference. They effect a "jump" from a K
observation to an h"‘h ob.mnt:l.dn. and in problems of the



L

type tested in this experiment, this is accomplished in
less than 30 seconds per problem.

Future experimentation could consist in refiniig.
some of the tochniquu. Improved editing procedures
are nQodod to reduce the length of the matrices, for
example. Enlarging the set of subroutines available
to the pattern search is a more important exteasion.
Application to other problem domains is certainly
fouibio. md nay be capable of producing interesting
ruﬁlts as a byproduct. It cannot be ciiilod. nor was
it the purpose of the investigation, that the results
obtained in the domain of analytic differentiation were
important in themselves. We claim only that a form of
mechanical inference was initiated, and that the method
waxrrants extension.
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tes input matrix
as & derivative matrix.
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EXAMPLE 1

DATA VECTOR

-3 e A
*
3

INPUT MATRIX

C
SIN
X

A
R4
TAN
R6
X

B
RS
R10

DERIVATIVE

C
cos
RD13
X

3

A
RD17
SEC
RD19
Ré

RD22

RD26
- RD27
R10
RD28

RD30

MATRIX

N %k b ok k| % %

R1

R3
R2 .

R8
R7
R5

R1l
RD12

‘RD15
RD16

RD14

RD21
RD20

RD25
RD23
RS

RD18
RD29

RD31

RD24
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ANOTHER EXAMPLE FROM PAD
DATA VECTOR

$ ( SIN . X

/ ( X * 3 2  ®
+ X )

INPUT MATRIX

1 + X

LOG . R1

X * % 2

R3 * R2

ATAN . X

SIN . X

R6 - RS

R? / R4
DERIVATIVE MATRIX o

0 NEG 1

R1 * % . RD9

X * % 1

2 * RD11

RD12 * R2

RD10O * R3

" RD13 + RD14&
X * % 2

1 + RD1lé6

1 / RD17

cos o X

RD19 - RD18

RD20 * R4

R7 * RD15

RD21 - RD22

R4 * % 2

RD23 / RD24
DERIVATIVE VECTOR
$ { . COS o X -
+ ( X L 2 )
*% 2 * LOG . (
- ( SIN o X -
* { 2 * X * %
( -1 + X ) ) .
X ¥* % ( o - 1
2 ) / ( X * %
( 1 + X ) )

A

TAN

LOG o

XN — =D -~

*

-
>
Z

Nk ko~ ko § s

XXX kN
O
o

59.
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Examples of successive differentiation: (Example 3)

DATA VECTOR

COSH » (

X "

INPUT MATRIX

3

X

R2
R3
COSH

*%

DERIVATIVE MATRIX

3
X

2

RDS
SINH

RD10O

DERIVATIVE VECTOR

ke | %k ¥k &k

$ SINH o (
* X ) +
X %*% 1 -

"INPUT MATRIX

3
X
R2

" R3 -
SINH
2

R6

R7

.
b

% | ®o $-

R1
R4

RDT
RD6
R4

RD9

W~
-
*

-

v

N

60.
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DERIVATIVE MATRIX

3 * 1

X LA 1

2 » RD10 N

RD11 - RD9 S

COSH ° R&

RD13 * RD12

2 * 1

RD15 * RS5

RO14 * R7

RD16 + RD17
DERIVATIVE VECTOR
s ¢ 2 » i #  SINH . ( (
X *% 2 - 3 * X ) + 1

~ ) ) + t COSH «  ( ( X L3

2 - 3 * X ) + 1 ) *
( 2 * X #s 1 - 3 » 1
) * { 2 * X - 3 1 )
INPUT MATRIX

3 * X -

X " 2

R2 - R1

R3 + 1

COSH . R&

2 ' » X

R6 - 3

R7 2 2

R8 d RS

3 #* X

X % 2

R11 - R10

R12 o+ 1

SINH > R12

2 * ‘R14

R1S +

R9
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DERIVATIVE MATRIX

XD W g ok~ X

3 *. 1
X »a 1
2. #* RD18
RD19 - RD17
SINM o R4
RD21 * RD20
2 * 1
R7 *# 1
2 L RD24
RD25 * RD23
RD26 * RS .
RD22 » RS
RD27 + RD28
3 * 1
X *% 1
2 * RD31
RD3 - RD30
COSH Py R13
RD34 * RD313
2 * RD3S
RD36 + RD29%
DERIVATIVE VECTOR ‘

i 3 ( 2 * COSH t {
2 - 3 * X ) + 1
( 2 * X * 1 - 3
) ) + 2 * ¢ 2
- 3 ) i 1 * 2 *
COSH ( ( X *% 2 -
X ) + 1 ) ) + (
¢ ¢ X w2 - 3 *
+ 1 ) » ( 2 * X
~ 3 1 ) * ( 2
- 3 ) *% 2 )

x

Nertwro W R Kk K



EXAMPLE 2

DATA véCfon

A # X +
INPUT MATRIX

A »

R1 +
R2 *%

O WX

DERIVATIVE MATRIX -

A *
C. -
R2 %%
¢ *

- RD?7 *

DERIVATIVE VECTOR

$ C *
*% ({ C -

- INPUT HATRIX' 

¢
A
R2
c
RS

@t;+*t-

> DDW X

RDS

RD6
RD&

raes

*

* X

>+
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DERIVATIVE MATRIX
A * 1

R1 - 1

R3 *a RD8

R1 * RD9

RD10O » RO7 :

C * RD1l1 )
"RD12 * : _

DERIVATIVE VECTOR

'$.  C * t ¢ - 1 (
A » X + B ) e ( ( C
- 1 ) - 1 ) * A * 1
* A

" INPUT MATRIX

C - 2

A * X

R2 + e

R3 #n R1

C - 1

C * RS

R6 * R4

RT 'y A
- R8 - A

DERIVATIVE MATRIX

A # 1

R1 - 1

R3 *% RD11
R1 * -RD12
RD13 L RD10O
R& » RD14
.RD15 * A . ’
‘RD16 = A '




DERIVATIVE VECTOR

*

=ONW

c »
) *
) *

INPUT MATRIX

C -
A »
R2 +
R3 *
¢ -

¢ _
Cc - *
R?7 *
R8 *
RS *
R10 *
R11 *
DERIVATIVE M

x
o
rt
o
PO R

DERIVATIVE VECTOR

k-~ XOG
=~ 0
EIPN

> mar o~

>W ke~

e X kO

R Xp)

"RD14

RD1S

" RD13
RD17

-~

>t~

t N ) O -

x I >

>N k-

® o~ X %

f:w*
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PATTERN PLANES

K = &

»

COQOOO0 K m

PATCH

~OoOO0O

RD34
_ RD20
RD36
RD37
RD38
RD39
RD40
RD41
RO42
RD43
" RD&44

- 18A

19A
20A

*

P I T T

B P> B>

CO0OWWWWOO
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