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The basic problem of this thesis is the exploration 
of am approach to the mechanisation of inductive inference.
An Inductive process is understood to mean, in this paper, 
the examination of specific eases with a view to making 
generalisations that may apply to a given set of which the 
known Instances are members. These generalisations, if 
they can be formulated, are the result of a search for a 
pattern of change.

The program begins by generating a sequence of expressions. 
The definition of an expression is given in Chapter One. but 
for discussion purposes it may be thought of as a string 
of symbols connected by binary operators. The meaningful 
expressions are assumed, here, to be differentiable functions, 
and the successive differentiation carried out on an input 
expression generates expressions whose pattern of change 
is to be explored. The pattern program, however, was 
constructed to examine any set of expressions regardless



of tho rules under which they were generated* The search 
depends* for Initiation* only on a specific representation 
of the expressions. This Method of representation Is a 
ocnnnm Method of syntactic analysis of Input strings of 
Sjnbdls* sonatinas referred to as KrahoV*e algorlthn.^

Beeause the Method of representation Is a key choice 
with respect to the pattern search, the first chapter la 
devoted to a detailed discussion of a particular lapl— natation. 
The next section deals with analytic differentiation based 
on the syntactic analysis described* The program to aeeonpllah 
this Is based mi those of Hansen 2, B* V* Arden ̂  * and others* 
Those fanlliar with their Methods May wish to turn to the 
third section where the discussion of the pattern search 
begins.

The naln progran accepts the first k derivatives of 
an Input expression which are represented as a set of 
Matrices* and hy exanining the sequences of operators and 
operands^ atteapts to construct a description of their 
pattern of change* If one can be found* This description 
Is stored In two Matrices* one of which holds the inf emotion



In the input matrices In a three dlnenslonal array* and the 
other, the pattern of change deeerlptor, la formulated tram 
the first. An auxiliary matrix* referred to as the "decision 
matrix" keeps trasfc of the sueeess of the search at each 
point in the array. A successful search* one in which a 
complete pattern is found* permits the construction of any 
n *̂1 derivative* ifcere n > k* of the original expression 
directly from the k**1 derivative* by inference* and this 
last construction is also Implemented by a machine program. 
Proof that this Is the n^1 derivative Is not given In this 
paper, but It may be established by mathematical Induction.

Input strings are written In Fortran with the ususal 
Interpretation. However, this restriction is not essential 
to what follows. Experimentation with format-free Input 
subroutines ihows that it is feasible to analyse data in 
ordinary algebraic notation, except* of course* for non­
linear superscripts or subscripts. In Chapter-Ghe* there 
Is a subroutine established to facilitate the handling



of symbols in arrays, and to provide an interpretation.

The programming mas earried oat in CDC Fortran 63. 
Since the operations require manipulation of symbols* and 
shat is, in affect* list-processing * languages such as 
IPL-V and LISP were considered because of their special 
capabilities in these areas. The decision made with 
regard to a programming language was based on its 
availability at the computing center.
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Pattern Generation through the Analysis 

of Input Strings

An approach to the problem of mechanising Inductive 
inference can be made by developing subroutines for pattern 
detection, and change prediction, that parallel the activity 
of a mathematician ttxo seeks an algorithmic definition of 
the n*fc sentence of a relation liileh Is already recursively 
defined. It need not be the case that the a** sentence is 
unknown, in the sense that there is no path to its expression, 
but only that the labor involved is prohibitive. For example, 
by observing a changing pattern generated by recursion, mathe­
maticians have constructed formulas such as the binomial 
expansion. It is safe to assume that the mental activity 
of the disooverers mas Initially that of inductive inference, 
and then a deductive proof mas sought to support the statement.

There has been considerable interest in using the 
computer in theorem proving based on deductive reasoning.



For a surrey of suoh algorithms, m  rotor to a paper by 
0. H. Potts.* TO this we add the work of J. A. BotaLnson 
mi machine-oriented logic. ^ It Is noteworthy in the ease 
of the investigations mentioned, that the theorem production 
Is less Interesting from the standpoint of originality than 
the special procedures developed for the machine. At first 
there is an attempt to imitate the human problem solver, 
and then to exploit some feature supplied by the use of a 
machine. For example, in his introduction, Robinson indicates 
this ohange of attitude and method:

". • • Traditionally a single step in a deduction 
has been required, for pragmatic and psychological 
reasons, to be simple enough, broadly speaking, to 
be apprehended as correct by a human being in a 
single gestalt. • • The 'single human gestalt' 
restriction Is no longer very appropriate when 
the principles of inference are to be applied by 
a modern computing machine. More powerful 
principles, requiring perhaps a much greater 
amount of combinatorial date-processing for a single 
application, become a possibility. • ."

In the sane fashion it Is worthwhile to study the inductive 
processes of the human thinker, supposing at the same tine 
that modification of some significance can be introduced 
through mechanisation.



Accordingly, we wish to explore the nee of the computer 
In Inductive Inference In two ways: (1) to mechanise repetitive 
processes in order to reduce burdensome symbol manipulation, 
and, at the same time, to Increase accuracy; (2) to develop 
heuristic means of arriving at hypotheses more rapidly.
TO satisfy the first of these goals, it is necessary to 
develop a vocabulary to handle Initialising expressions and 
their subsequent manipulations, that is dene here, is to 
organise a vocabulary in such a n y  that it is useful directly 
in pattern detection. Moreover, in setting up this routine 
we also establish a means of pattern generation, as will 
be shown later.

Definition of an Expression

Expressions which serve as generators of recursively 
defined functions will be called data vectors to indicate 
that they represent Input. The data vector is a string 
symbols defined as follows:



Using Backus Boreal Foresee define:

< V A B > : : «  P|q |b |s |t |u |v |w |i |t |Z

< COB > *i ■ a |b |c |d |e |f |g |h |i |2|3|^|5|6|7|8|9|o

< FUH > I!:* SIH|COS | TAH|COT|SEC|CSC| ASIR|aCOS| AIAB|
aco t|asec|acsc| s o t  |cosb |tabh| com |sbcb| 
csch|a s u b | aco®| a t a k | acoth|asech |acscb| 
l o g|ezp

< OP> * $ |( |) |-| + 1*1 / |BBG I** I*

Expressions are defined to be:

< DATA > :: * < CQH > I < VAR > | < FUN > • <  DATA > I
< DATA > + < DATA > I < DATA > - < DATA > I
< DATA > * < DATA > I < DATA > / < DATA > I
< DATA > ** < DATA > | BBG < DATA > | (< DATA >)

Expansion of this basic vocabulary will be noted in the 
sections appropriate to its need.. All symbols defined will 
be referred to as dements of a language L.



The expected interpretation of these symbols is:

< VAR > :: * a variable
< CON > t: ■ a constant
< TUB > :: ■ a function name
< OP > :: * an operator, where $ is the delimiter of

an expression, and * Indicates multiplication,
**, exponentiation, HEG represents unary negative, 
and is a pseudo-operator, introduced, 
following the suggestion of Hanson in his 
paper on analytic differentiation 2, to 
relate a function name to ita argument.

< DATA > :: * an expression in L.

Syntactic Analysis of the Data Vector

Since we are Interested in pattern detection, the 
method and form of storage of input is very relevant to 
the subsequent program. It turns out to be, in fact, a 
key selection. Ershov's algorithm ̂  for syntactic analysis, 
adapted to a Fortran program, possesses characteristics 
which make it especially suitable for pattern generation.
This adaptation is described aa follows.



The data Teeter is analysed fron right to left, and 
the el— ante are placed in what is equiTslant to s posh, 
down store, tram whieh thay are transferred according to 
operator preeedenee, to a natrlx whose rows oonsist of an 
ordered pair of operands and their respeetive binary operator: 
9(tti0 ) •

Let 0 represent an operator In L, and f(0) be its 
preeedenee level. Then we assign the range, f(6), as 
follows:

f<$) * 0,
f<» = 1,
f(() * 1,
f(-) - 2
f(+) - 2
f(*) - 3
f</) * 3
f(NBQ)* h
f(**) « 5
f<*> » 6

These values detendne the respective preeedenee levels of 
the operators.



is the data vaotor Is scanned fNa right to left, 
el«Mnts of L are placed In a posh-down store in the order 
in which they are encountered, except for the symbols "$**,
"(", M)N. ▲ precedence test is nade for each operator, 
and a precedence list is created for the range of the operators 
in the sane manner as for the aynbol list. Than the following 
re-write role holds:

Let 4, 3 be elenents of the sets VAR, COM, or TOM 
in L, and 0 an elanant of the set OP. Then 6(a,0) 
is a binary operation in L.

•i-l(a.R) - Rj iff f(») < t(9ij.). 
and 0^ £ M)l>t where J indicates the ^  
re-write in the Scan.

0£_l(a,0) becoaes the j**1 row of the natrix M which is 
a paranthesis-free representation of the inpat expression 
with operator preeedenee preserved by weans of the row order. 
The Rj*s replace three aywbols, i.e. a binary relation In 
L, in the posh-down store, after dtleb they are treated as 
regular ayabolai of L. _



Rxanple: (1)

Let the input vector be:

(bx2 - (ten x)2)/(«3 4. «in(cx)).

Its representation In L Is:

$(B*X**2 - (TAB • X)**2)/(A*X**3 ♦ SIB • (QftX»$

The syntactic scan produces a natrix which satisfies the 
re-vrite role:

*(C,X) -♦ KL
•<sib,ri) «• R2
**(X,3) - R3
*(A,R3) 3k

+(Bb,R2) - a5
•(TAB.X) - B6
**(B6#2) R7
**(X,2) - R8
*(B,B8) R9
-tt&.B?) RIO
/(KL0.R5) R U



13.

The symbols SI, B2, etc. are stored as part of the 
replace— nt vocabulary. The actual computer generated 
print-out looks like this: —

c e X
SIB • SI
X ** 3
A * R3
3k + R2
U S . X
36 e* 2
X ee 2
B * R8
B9 - R7
BLO / R5

It is clear that the re-write rule has been obeyed, and that 
a pattern has been generated.

Diagram of the above scan:

$(B * X *• 2 - (TAB • X) ** 2 )) / ( A * X ** 3 ♦ SIB • (C*X))$
uwJ L_s—1 LvrJ lh-j

*— u — 1' 1—  & -  J 1— m — 1+1— m — 1

1------ BET-------171--- — «------ -1
1 -------------



The progrma which pcrferas this analysis will be 
referred to as SAC (Bead Analysis of Context). It is 
the first of the subroutines written with a view to pattern 
generation. Before continuing the discussion of the 
program itself, we should notloe 'briefly how it might be 
considered a pattern generator. Suppose the data veotors 
produced are the successive binomial expansions of (a 4* b)n. 
That is, the vectors: a2 + 2ab + b2, a? + 3e2b + 3ab2 + b^, 
and so on. The subroutine BAG represents them as the 
following matrices:

(1) (2) (3)
B ** 2
A * 2
B2 * B
A ** 2
84 ♦ 33
R5 + HI

B ** 3B ** 2
3 * AS3 * R2A ** 2
35 * B
36 * B
A ** 3B8 + 3?
39 + 3k
810 + KL

B ** k
B ** 3
k * A
R3 * B2
B •* 2
A ♦* 2
6 * R6
87 * 35
A * 3
89 * B
810 * k
A ** k
812 + 811
813 + 88
814 + 3k813 + 81

In Chapter Three pattern detection is dealt with 
more fully, but the above example is inserted here to 
indicate the motivation for the selection of this method



of s tor ago. It Is 'visually evident that there appears to 
be at least an operator pattern of change In the first 
three productions. Moreover, Its detection oould be Mechanised 
▼exy sisply. Suppose that we use an alphabet consisting of 
operators +, *, /, BBQ, **• and • , and ask that the 
pattern be expressed as a double-rowed list showing order 
and frequency of synbdls fron bottoa to top. Then an 
induction is to be nade on the order and frequency for 
the next row. If the Induction holds, it is tested on 
the next row, and so on, until there is sufficient 
credibility to warrant a hypothesis.

Alphabet: + * * * * * * * * *  ** (* **)
Frequency: (1) 2 1 2 1

(2) 3 1 2 1 2 2
(3) 4 1 2 1  2 2  2 2

The first hypothesis generated ty the progran is that the 
operator pattern of the next expansion is:

(b) 5 1 2 1 2 2 2 2 (2 2)
which. In fact, is correct. The final operator pattern



to bo induced Is for (s <4* b)n :

Alphabet: + * * * * * * ♦ • •  •« (* **)
Frequency: (n - 1) n 1 2 1 2 2 2 2.  ..2(n-2)

repetitions.

Mow If slwllar procedures are applied to the operand 
lists, the n**1 natrix store ean be eonstrueted, and we have 
an algorithn for the n ^  expansion in a new fora, without 
proof, but with a weighted confiraability. It is also possible 
to search for a counterexample whose existence would destroy 
the hypothesis, regardless of the weight of confirnability 
built up.

The advantages, already evident, of this approach 
are that the operations are entirely mechanical, the n**1 
natrix can be produced by the computer, it ean be output 
in fully parenthesised fora, and finally, numerically 
evaluated for any parametera, and any H within naehlne 
capacity. In the example shown, this would be of little 
value since a well-known algorithn exists, but where this 
is not the case, it is an approach to Mechanising hypothesis 
formation by inductive reasoning.



a t m a t  two

Analytic Differentiation as a Patten Generator

The particular advantages of Ershov1 s algorithm** ean 
be exploited la a useful application. A computer program 
for analytic differentiation nay employ this algorithn 
effectively as has been demonstrated by B. W. Ardon^ in 
his text on digital computing, and in the previously 
mentioned work of Hanson2. The capacity of RAC to generate 
patterns is not United to sone particular type of 
subsequent re-write procedure such as the one which follows. 
Any other type of symbol manipulation idxich would result 
in another operator hierarchy-preserving natrix of the sane 
form would serve as well.

It is possible to extend the language L by introducing 
a second set of re-write rules which will replace the input 
natrix with a derivative natrix. Me renark that our 
chief ooncern is with pattern generation, and detection



techniques, but there Is an Incentive for this specific 
application domain In that the algorithmic definition, 
in non-recursive fern, of the n**1 derivative of functions, 
and functions of functions, is not, in general, a fully- 
solved problem. Even in eases where formulas for the 
ntb derivative exist there is not always a simple, 
operational statement available. Moreover, there is 
a very wide application for the n ^  derivative in numerical 
analysis. It is hopeful that extensive experimentation 
with pattern detection on derivative matrices may be, 
at least, productive in labor reduction in actual cal­
culations, and further, lead to the formation of new 
algorithms.

Program for Differentiation

The second program, preliminary to the induction 
experiments, resulted in the development of a subroutine 
which will be referred to as PAD (Program for Analytic 
Differentiation) •



19.

Analytic differentiation la aoeoepliahod toy adding 
a aaeond aat of re-erlte roloa to L. Theae re-write rolaa 
are baaad on the dofinitlona of the firat derivatives of 
the functions liatod below, and on the grannar of L.

Let a* 0 be expressions of L. and da. d0 be their 
derivatives, then: for a,0 = VAR, da,d0 - 1, a,0 « COM, da,d0 * 0,

d(a~+ 0) * da + d0.
d(a * 0) * di *• 0 + a * d0.
d(a / 0) * (da ♦ 0 - a * d0)/(0**2).
d(a ♦♦ 0) - a •* 0 * (a*d0/0 ♦ da * LOG .(a))
d(SIM • (a)) - COS . (a) * da.
d(CQS • (a)) * -SIR * (a)* da.
d(TAM • (a)) ■ SBC • (a) **2 * da.
d(C0T • (a)) * -(CSC • (a)) ** 2 * da.
d(SEC * (a)) - TAM • (a) * SBC • (a) * da.
d(CSC • (a)) * -CSC * (a) * SBC * (a) * da.
d(ASIN * (a)) * da/(l - a ** 2)**(l/2).
d(AC0S* (a)) * - da/(l - a •• 2)«*(l/2).
d(ATAN * (a)) * da/(l + a ** 2).
d(AC0T * («)) - - da/(l ♦ a ** 2).
d(ASBC * (a)) * da/a * (1 - a •• 2)**(l/2).



d(AC8C • (a)) * -da/a * (1 * a ** 2)**(l/2)i
d(SMB • (a)) - COSH • (a) * da.
d(COSH * (a)) - SIHH * (a) * da.
d(TAHH • (a)) « SECH • (a) ** 2 * da.
d(COTH • (a)) * - CSCH • (a) ** 2 * da.
d(SBQH • <a)) « - SECH • (a) * T1HH • (a) * da
d(CSCH * (a)) * - CSCH • (a) * COTH • (a) * da
d(ASMH • (a)) * da/(l + a ** 2)**(l/2).
d(iCOSH * (a)) * - da/(l - a ** 2)**(l/2).
dUTAHH * (a)) = da/(l - a ** 2).
d(iC01B • (a)) * da/(l - a ♦* 2).
d(ASBCH * (a)) * - da/(a * (1 - a ** 2)**(i/2»
d(lCSGH * (a)) * - da/(a * (1 + a ** 2)**(l/2))
d(LOG • (a)) * da/a.
d(EXP • (a)) - EXP • (a) * da.

The application of tfala aot of re-write rulos to 
the Matrix prodncod from the data rector cons true to a 
aooond natrix designated as tho dorlTatlTo natrix.
▲ subroutine, BEPAR,wlll return the natrix to a fully 
parenthesised notation. Howerrer, without interruption 
the progran will replace the original rector with the



output of tho dorlTatiTo natrlx, and upon repetition of 
tho routines. prodneo eueeeaelre deriYatlYee. Taat prograna 
permit tho rector to roaeh a aaTlnnn of 500 gynbola in 
Xangth. The number of dariYatlraa of an expression. la, 
therefore * arbitrarily Uni tad to thla expansion.

Daaoription of PAD

Tha re-write rulaa operate on the input natrlx In 
eueh a nannar that tha derlYatire matrix baoonaa a con­
tinuation of tha input natrlx.

Lat tha firat n rows of binaxy ralatlona, 0(a.9). 
raproaont tha data Taetor. where 0^(01 (0i) Rj.

For aaeh 0i(o^»3i) tha re-write rulaa will produce a row 
or a act of row. © n f » P n 4-j)» • • • •

Than aaeh binary relation. tnfrgfan+i'fatt.) -* RE^. where 
tha RC^'a are a new Hat of gynbols added to tha roeabolaxy 
of L to raplaoa a row in tha darlratlYe natrlx.



Finally* H+jOUWtiLvBIWfrk) 'Um> d**iT*t±TO of a 
function for nhleh a ainglo binary relation dooa not eaprooo 
tho dorlTat±ro gonoratod by tho daflnltlona in tho raarlto 
rulea.

For tho oxanple glron in Chapter One:

IHFUT MATRIX rggnriTTVie m a n

C * 
£EH •

X ** 
▲ * 
Rfr + 
TAH • 

R6 ** 
X ** 
B * 
R9 - 
RIO /

X
HI

Cc * 1
[cosLHDL3 •

* KLRDL2
B **

• 2RDL51_1 * RDSL6
CHBL7 + RDL4
|~mc •** X2rrLBIS2 ***0

1HDS21RD20
[I **

* 1mh
CB * RD25
LMX26- BD23
‘RD27 * SOLO * HDG8 - _RD30 /

B5S O B
UB9VffL



Tho subroutine SEPAR returns tho dorlTotlro to a 
folly paronthoslsod expression by starting with tho last 
row of tho doriTatiTo natrlx and replacing eaoh or RD^ 
encoimtorod by Its representation In the original row, 
that is,by elements of the sets VAR, COM. or FOR. At the 
sane tine, parentheses are replaced to pressrve operator 
precedence.

In the following illustration the search tree for. 
row replacement and parentheses Insertion for the numerator 
of the previous example is diagranoed, with the operator 
for eaeh binary relation placed at the tree nodes.

The scan begins wLthi

RQ30 -> RD26 . RD23
RS26 -> B * RB25

RD25 -> 2 * BOOk

Its continuation oan be easily followed through the tree. 
The leftmost negative sign is the operator for (RD&6,RD23)



24.
Saaroh t m  for row repleooeent and paranthoaoa inaartloai 
for tho naaorator of Buaqplo 1.

2
TAM

SMC

SIM



The language of L la placed in the program by means of 
data statements. Theae in tom are etored in o a a m  ao aa 
to be available to the subroutines. In practice, the «mgr 
nanea for the input natrlx and the derivative natrlx are 
distinct for the purpose of external identification* but 
the derivative natrlx la* in fact* a continuation of the 
input uatrlx. The row numbers* however* do not overlap.
Since the input natrlx has an arbitrary number of rows* 
n* the program assigns the n+1 row to the first row of 
the derivative natrlx. The array nanea for the input natrlx 
and the derivative natrlx are declared equivalent* but the 
above scheme always assigns then to separate sections of 
the block. An examination of the program shows that the 
equivalence statement simplifies the search In REPAR.

The subroutine EVIL provides for the numerical evaluation 
of the derivative. BAC* PAD* and BEPAR nanlpulate aynbols 
which are Hollerith constants. A new set of re-write rules 
are introduced which replace each binary relation in the 
derivative natrlx with an equivalent arithmetic eapresslon 
in Fortran* which can be evaluated for a given set of parameter*



with the evaluation beginning with the first row and pro­
ceeding downward, since R^ may depend on sons Ri_j rows, 
where 1, j are positive Integers and 1 is greater than J. 
bhon the last row is reached the Talus of the derivative 
has been calculated.

EVIL was developed, at first, as a checking routine, 
but it Is possible to Incorporate It In the pattern search.
In Chapter three we consider a "plans'1 pattern generated 
by each derivative, and the numerical evaluation could be 
considered as a point In this plane, but the variation 
introduced by the substitution of different parameters 
leads to procedures distinct from the type created by the 
uselof symbols alone, and for this reason EVAL Is not used 
In the pattern examination program.

Another subroutine to extend language L does prove 
to be useful. The subroutine SUBCOM is called whenever 
a constant occurs in a data vector which Is not Identified 
In L. SUBCQK replaces the constant with a Hollerith constant, 
and records the substitution. The new gywibol Is accepted 
by all routines In the pattern program.



27.

ffnanat ffiEEE 

Pattern Exaainatlon

In tha previous chapters ve have described the agrntaetie 
analysis of a data Teeter which leads to Its representation 
as an n z 3 natrlx Those raw sequence preserves operator 
preeedsnee. Similarly, a seeond set of re-writs rules aere 
chosen so that another n x 3 natrlx aas produced freu the 
first, and represented a derivative of the data vector•
3p returning this production to a fully parenthesised 
expression, and allowing the latter to replace the first 
data veotor, successive derivatives were obtained. Vs are 
not Interested In the derivatives as such, but only In the 
successive patterns of the natrlces representing then.
This routine Is regarded, now, as a pattern generating 
progran which stores a sequence of expressions, thus:

r*

STORE

XHPOT
MATRIX



Exanple 2 Is Inserted here for reference in tho dis- 
ensslon of tho oonputer progran PEER which follows.

Brails 2:

Lot DATA * (A*I + B) **C, and n * tho nunber of 
derivatives. d i m  n < C.
Than tho input natrlx Is:

A * I
XL + B
R2 ** C

and tho first four derivative matrices are:

A a 1 (2) A * 1
C _ 1 HI - 1
R2 •e RD5 R3 ** BOB
C * RD6 SI * RD9
RE? • RDt RDLO * RE?

C * ROLLumg e A

A * 1 (*) A * 1
HI - 1 SL - 1
S3 99 HDU S3 *♦ RDLfr
HI * H0DL2 HI * RD0L5
RDCL3 * RDLO BDL6 * RE0L3R6 * REDLh SB * RDL7
RDL5 * A RDDL8 * A
RSL6 * A HDL9 * A

RD20 * A



Program PSBR (Patten Bcantoatlca and Evaluation Soutines) 
consists of three main parts: the pattern detector, the patten 
evaluator, and the algorithm builder. In this section me mill 
discuss the first of these.

The Patten Detector

This part of the program accepts each derivative matrix 
and produces from it an a x 6 x n matrix, called GRARi(I,J,K), 
where I ranges from 1 to n, m « the waxlnnn Index of R, J ranges 
from 1 to 6, and K from 1 to n, n • n^1 Index of the derivative.

For each derivative, Kls fixed; therefore its GRAPH matrix 
Is referred to as a NplaaeN patten, and each nev derivative 
produces a new plane. The set of planes fons a three dimensional 
representation of a changing patten.

The formation of each plane proceeds as follows:

(1) For J ■ 1, let:
< B B T A > : : «  - | + | * | / |l!SG |** I •
Then GRAPH(I,1,K) « BEZA(I) for 1 < I < a, K fixed.



where BETA(I) is an ordered sequence of operators, no adjacent 
pair of which are identical.
E.g. fron Example 2:
For K « 1, BETA is the ordered set {*, -, **, ♦} •

(2) For J ■ 2, let:
TALLT « {l,2,3, . . . , ml .
Then GRAFH(I,2,K) - TAII.T(I), for 1 < I < m, where 

TAIJ.T(I) is an ordered sequence of the frequencies of 
successive repetlens of each operator in BETA.

E.g. from Bxanple 2:
For K « 1, TALLT * (l, 1, 1, 2*1 .

(3) For J * 3, let:
< IIP > :: = < COH > |< VAR > | < SUB > | (blank) , 

where OON and VAR are the symbols defined for the vocabulary 
L, and

< SUB > :: - AA | BB |cc|lX>[EE | FF |g g | hH , 
that Is, the replacement symbols used by the subroutine 
SUBCON for a constant (or variable) symbol not in L.

Then GRAPH(1,3.1) > ALP(l), 1 < I< m, where AXP(I)



is an ordarad aaquanea of constant or variable symbols, or 
blank spaces*

E.g. from Example 2:
For K * 1, ALP « {A, C, c} .

(4) For J « A, let:
ESBQ > fl, 2, 3........ *) •
Then GRAEB(I.4,K) « HESEQ(I), for 1 < 1 < m, where 

B8K(Z) Is an ordered sequence of row Indices.

E.g. from Example 2:
FCr K * 2, and J a 5,
ROWBBQ (I) » fi, 3, 1, 10, _ ,  12} .

(5) For J * 5. GRAFH(I,5,K) « ALP(I), and

(6) for J a 6, GRAPH (1,6,K) = RSBQ(I), In the same manner
as for J v 3 «od k respectively. then J a 3 or 4, GRAEH(I,3*E)
and GRAPH (I,4,K) represents a scan of the first operands of 
the derivative matrix ; when J Is set at 5 or 6 the second 
operand Is scanned.
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Thus, • ( at B )A  A  AJ * 1 2 3 4 5 6  a n  eoltnmc darivad from
the aean of tho binary relation In each row of tho natrlx.

For K * l ,  GBAFH(I.J.K) InJhcaaple 2, tho first pattom 
piano appoars ast

Gn psgo 33 throo subseqoant pianos aro shown for this 
sano oxaaaplo. This dlagran should bo roforrod to In 1ho 
disensslon of soarehos In tho "K*» direction and tho "I*1.
▲ search on a one points In tho "K” dlrootion la Indicated.
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Pattern Planes for K ■ 2, 3t In 2.

U
10’

20



The program is now ready to seek evidence of s pattern 
of change, if one exists. In constructing the GRAPH planes 
one pattern search was already nade on each derivative. In this 
search the operator alphabet was determined with a frequency 
of soeeessiTe repetitions assigned, thus forming a set of 
ordered pairs which completely describe the operator pattern. 
However, the construction of the GRAPH planes is straight­
forward, and for the moat part, a reorganisation of the 
information In the derivative matrix. At this point, heuristic 
procedures enter, and the examination of the change In pattern 
is carried out lory meana of a series of trials which are 
evaluated In part two of PEER.

Por frequencies, we mgy select a search for an arithmetic, 
geometric, Fibonacci, or any common mathematical sequence. 
However, In the problems taken from a freshman calculus text, 
no sequence other than an arithmetic sequence was found.
For this reason it is the only type of numerical sequence tester 
that is incorporated permanently In tha program. As can be 
seen from the construction of the GRAPH planes this sort of 
test is required for J « 2,4,6. In the first complete search



as defined below, the arithmetic sequence test is basic.
Alternates exist #ileh may be called by the evaluating program 
diseusaed In the next chapter.

Actual trials on 50 expressions selected at randan 
from a caluculus text Indicated that it was efficient to 
make the first search a complete test of the pattern cube 
using a basic set of techniques selected from preliminary runs 
as the most frequently successful in pattern discovery.
Ey a complete search is meant the application of this aet 
to all rows and columna without using alternate routines.
The decision to proceed to the algorithm builder in the ease 
of a successful search, to atop, or to call alternate routines 
is the function of the second part of the program.

A complete search requires a single, two-directional 
test on each point of the plane. In the diagram on page 33, 
a one-directional test on three points is Indicated. The 
nature of these tests is heuristleally determined. The two 
which produced results on the above mentioned aet of problena 
are aa followat we aeek to establish that one of theae altemativea.



for successive planes holds:
(1) Operator alphabet la fixed or alternating 

Operator frequencies are fixed or expand in an 
arithmetic aeqoanoe.

(2) Conatanta are fixed, or their repetition can be 
deanftMd by an arithmetic sequence.
Row sequence numbers change according to an 
arithmetic sequence In either or both K and I 
directiana.

The aHqilaat. ease for the operator alphabet ia that of 
a fixed order with frequency expansion In an arithmetic 
aequenoe. Example 2 is an Illustration of this. In the 
last section of this paper, on pp. 60-62, Example 3 shows 
an alternating and expanding pattern in the operator alphabet. 
In this example teats made on odd (or even) successive planes 
will yield a pattern.

The search is carried out In two directiona. We begin 
with the K dlreetion.



(1) Suppose HETA(I) * I*. •t •*, *} for all K, and
TAixr(i) ■ {it It 1. 2)
TAUI(2) ■ tl. 1. It 4}
TAIXI(3) * {l, It It 5)
TALLT(4) * {it 1. 1, 6 )

which is the ease for Example 2. BETA remains fixed for all
planes examined, bat the frequency tally on the last element 
beeones an arithmetic sequence after the second expansion.

Accordingly, the search for a pattern of change was 
built on a "sliding" routine which moved forward by dropping 
successively, K * 1, 2, • • • We will refer to this as 
pattern advance. In general, the test does not prooeed 
beyond 10 planes, but the routine places no Unit on the 
depth. In practice, a forward slide of two planes is usually 
sufficient as an indicator.

▲ different situation is observed In the pattern 
of operators In the Input matrices of the same problem.
It is sufficiently frequent and simple enough to warrant 
Inclusion in the basic routines.



(2) Pappose BETA(l) « I*. +. **)
TAlLT(l) * (l, 1, ll
BETA(2) « ( -  *. +. **, *)
TALLT(2) «U. i. i. i. 2)
BETA(3) * ( * . **# el
TiLL7(3) «(i. i. hi
BETA(4) -1- * + •* -
mcr(4) -{i. i. 61

Here the alphabet appears to vary, but a regular pattern of 
Insertion ean be deteoted. The recognition of this type of 
variation la handled by a routine which permits the expansion 
of the alphabetic vector, together with the pattern advance 

, technique Illustrated before. For discussion purposes' 
we will refer to this combination as pattern expansion.

A failure to find an operator pattern could terminate 
the search. However, In accordance with the projected plan 
of waking at least one complete test of all columns In OtfB 
before reaching a decision node, no branching occurs until 
the and of the first scan.



▲ search in the I direction follows the search In 
the K directions

j'
(1) For J * 1, 3, 5* the alphabetic test for order and 

frequency is used. Blanks are delimiters In these 
columns) hence several short sequences may be discovered.

(2) For J « 2, 4, 6, the arithmetic sequence test is used, 
with seros used as delimiters.

E.g. from Example 2:

For J » 4, the last k - 1 row Indices font an arithmetic 
sequence.
For J * 5, BETA * A and TALLY forms an arithmetic 
sequence for the last k - 1 rows.

The oomhlned search In the E and I directions results 
in a prediction of the elements In the derivative matrix 
of a selected n**1 derivative. The construction of this 
matrix is discussed in Chapter Five.



CHAPTER POOR

Pattern Evaluation

In the examination portion of PEER a set of routines 
sets on each point in a given plane Which serves as a base.
In this case, a "point" is one of the following: an operator 
symbol, a constant symbol, a number Indicating either a frequency 
or a row. The pattern advance routine replaces this base with 
the k + 1 plane if necessary. A H  points are examined since 
it was decided that a complete set of routines would aet on 
the entire pattern cube to some depth before attempting a 
decision. Obviously the examination set eould be varied, 
but after a preliminary test on a random set of problems, 
a basic list was constructed.

Ihe next objective is to evaluate the results of the 
search. Concurrently with the search, a decision matrix 
is constructed whose dimensions, I,J are Identical with those 
of the K**1 plane examined. Ihe decision matrix is a logical 
array of 0*s and l*s, where 0 Indicates an unsuccessful search 
from this point, and 1 Indicates a successful search.
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In Kxanple 2 tha decision natrlx for 4 planes Is a 
9 x 6 natrlx of l*s, nhlch Indicates a high probability that 
a pattern has been detected. Ibis oosplete set of l*s Indicates 
that scne pattern was found at each point beginning with 
K ■ k, k < n . L( share n Is the depth of the search (the xmhber 
of planes), sad L Is chosen arbitrarily.

Let Gfc represent a point on a pattern plane for a 
fixed I, J.

(1) Then If for K * k, * Gjtf-1 = Gfef. 2 s * • • •• * 
the point j In the decision natrlx = 1.

(2) If for K ■ k, Gfc, Gfc+i, Gfc+g* • • • • Cfc is an arlthnetle 
sequence (or aqjr other sequenoe selected for the test set) 
then Di.j « 1.

(3) If neither (1) nor (2) is true, then Dj.# j *0.

Let the ralue of Dj#j equal the sun of all Di,J** In 
the natrlx. Fron EXanple 2, ue here:

D * 54, for K ■ 4, k s 2, L ■ 1.
D “ 53* tor K * 4, k ■ 2. L • 2.
0 ■ 51* tor K * 4, k * 1, L * 3«



In the lest esse, k > l  Is the Minims value. and L ■ 3 i* the 
■ariam value for 1 * 4 ;  hence 51 Is the nlnlms value of D. 
Ihe very snail change fron the maximum Yalne in the weight 
supports the hypothesis that a pattern of change exists.

The decision natrlx Is based entirely on a search in the 
E direction. The search nade In the I direction Is used for 
the purpose of algorlthn building, and not to detendne the 
existence of a pattern of change. It would be possible, 
by extending the number of rows and oolunns In the decision 
natrlx. to Include the Information found In the I search, but 
no particular advantage appeared by doing this In any test 
problem.

A complete set of l*s causes Peer to accept the 
hypothesis that a pattern has bean found. A single 0 
causes it to reject this hypothesis and call for a new 
set of routines. An alternative to a second searoh set Is 
the generation of additional pattern planes, but because 
a feasible number can be gemrated In the beginning this 
technique Is not employed. A feasible number Is based on 
the naxtnmn jqpfcbil length arbitrarily selected.
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CHAPTER FIVE 
The Algorithm Builder

It is convenient to o one tract -an auxillaiy natrlx 
at the sane tine that the examination and evaluation ire In 
progress and to store It for use In algorlthn building If 
the decision natrlx oanses the program to branch to this 
subroutine, as It mill at the eonpletion of a successful 
search.

PATCH (-PATto m  CHange) Is a PEER routine uhloh builds 
an auxiliary natrlx, n x 6, which nay be expanded to nfl.xlO 
to hold Information from the I direction search. The first 
column contains the operator alphabet; the second column the 
difference, dj., In their sequence expansion; the third and 
fifth rmi|n»»B are lists of constants; the fourth and sixth 
columns.are the differences for the respective row number 
expansions. The n + 1 row is a symbol or difference Indicating 
the nature of the column expansion In the same manner.
If there Is an Inner change of shorter sequences In any 
column, 3 through 5* this Is registered In columns 7 through 
10 respectively, as before.



If the existence of a pattern of ohange is aeeepted 
as a hypothesis, PEER produces the projected change, that is, 
for each point of GRAPH(I,J,K), where K « n. It Indicatest 

Each point of GRAn(I,J,K+L) is either fixed and 
Identical with GRAR9(I, J,K), or has a pattern of 
change such that,
(1) the Index of any row satisfies

i ■ ki + (n-t)d^, where kj. is the first tens of 
the sequence, d± = the difference, t * k, the Index 
of the first ten, and n ■ the Index of the derivative 
required.

(2) any constant 0 * 1̂  + (n-t)de, whose values 
are referenced as above.

Finally, the sane procedure is employed for I + M rows of 
expansion called for by the I search.

The last routine, AIM! (Algorithm MAtrlx) builds a 
matrix for a given n ^  derivative as a hypothesis, then the 
decision matrix has a maTlire weight, the last plane used, 
the K-plane, is assigned as an expansion base. Using 
a routine BEPOP, k new matrix is formed by expanding



the E-plane according to the information In PATCH In the PEER 
routine. The program than retains to REPAR to output 
ae a parenthesised expression the required derivative. 
Alternately, EVAL may be called for numerical evaluation, 
or it is possible to return to RAC If a succession derivatives 
after the n^1 is desired.

The only test of the validity of the n**1 derivative 
formed by ALMA was to use PAD to produce its counterpart by 
successive differentiation. On the test examples this was 
successful, whenever PEER was able to find a pattern, which 
establishes confidence In the methods employed.

As an algorithm builder this represents an approach 
suitable only to a machine. In that no single algebraic 
expression for an n**1 sentence is produced, but Instead 
there is a routine for jumping from k*** expression produced 
by the program to an n**1 production required, if the 
particular representation created by the read progrma 

a pattern of change that the program can



recognise. The claim that this parallels the activity 
of the mathematician who generalises on a symbol Manipulation 
routine after some nuaber of repetitions mast, of course, 
be qualified*

In their article on the simulation of human problem, 
solving Bourlcius and Keller remark:

". • • People customarily think at various levels 
of abstraction, and only rarely descend to the 
abstraction level of computer language* In fact.
It seems that a large share of thinking is carried 
on by the equivalent of "subroutines" which normally 
operate on the subconscious level* It requires a 
good deal of Introspection over a long period of 
time In order to dredge up these subroutines and 
simulate them. We believe that people assume that 
they know the logical steps they pursue when solving 
problems, primarily because of the fact that when 
two humans communicate, they do not need to descend 
to the lower levels of abstraction In order to 
explain to each other In a perfectly satisfactory 
way how they themselves solved a particular problem* 
The fact that they are likely to have very similar 
"subroutines" Is obvious and also very pertinent* "

The subroutines employed by PEER are at a very low
\level of abstraction, nevertheless, they do mechanise an 

Inductive Inference* They effect a "Jump" from a k**1 
observation to an rfi1 observation, and In problems of the



type tested In this experiment ( this Is accomplished In 
less than 30 seconds per problem.

Future experimentation could consist In reflnlhg., 
some of the techniques. Improved editing procedures 
are needed to reduce the length of the matrices* for 
example. Enlarging the set of subroutines available 
to the pattern search is a more important extension. 
Application to other problem domains Is certainly 
feasible* and may be capable of producing Interesting 
results as a byproduct. It cannot be claimed, nor was 
it the purposeof the Investigation* that the results 
obtained In the domain of analytic differentiation were 
Important In themselves. Wo claim only that a form of 
mechanical Inference was Initiated* and that the method 
warrants extension.
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EXAMPLE 1 57.

DATA VECTOR

$ ( B * X * * 2 . - (
• X ) * # 2 ) / ( A
X # * 3 + S I N • ( C *
) )

IN P U T  M A TR IX

C * X
S I N • R1
X * » 3
A * R3
R4 + R2
t a n • X
R6 * * 2
X * * 2
B * R8
R9 - R7
RIO / R5

D E R I V A T I V E M ATRIX

C * 1
COS • R1
RD13 * RD12
X * * 2
3 * RD15
A * RD16
RD17 + R D 14
SEC • X
RD19 * * 2
R6 * * 1
2 * RD21
RD22 * RD 20
X * * 1
2 * R D 24
B * RD25
RD26 - RD23
RD27 * R5
R IO * RD18
RD28 - R D 29
R5 * * 2
RD30 / RD31



DERIVATIVE VECTOR

s ( ( ( I
X ** 1 ) )
TAN • X * # 1** 2 ) ) *
3 ) — + S I N •
) - ( ( C
) - ( TAN •
* < A * <
) ) + . I cos
) * ( C *
/ ( ( A *
S I N • ( C *

8 * t 2 *
- ( ( 2 *
J * SEC • X
( A * X * *
( C * X )
B * X * * 2
X * * 2 ) )
3 * X * * 2
• ( C * X
1 ) ) ) I
X * * 3 > +
X ) * * 2 )
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ANOTHER EXAMPLE FROM PAD

DATA VECTOR

S ( S I N  .  X
/  < X * * 2
+  X )

IN P U T  M ATR IX

1 + X
LOG • R1
X * * 2
R3 * R2
ATAN • X
S I N • X
R6 — R5
R7 / R4

D E R I V A T I V E  M A T R IX —

0 NEG 1
R1 * * RD9
X * * 1
2 * RD11
RD12 * R2
RD10 * R3
RD13 + R D 14
X * * 2
1 +  ’ RD16
1 / RD17
COS • X
RD19 - RD18
RD20 * R4
R7 * RD15
RD21 - RD22
R4 * * 2
RD23 / R D 24

D E R I V A T I V E  VECTOR

S ( COS • X
+ ( X * * 2
* *  2 * LOG •

{ S I N • X
*  ( 2 # X
( 1 + X )
X * * ( 0 -
2 ) / ( X
( 1 + X )

ATAN • X ) 
*  LOG •  ' < 1

- < 1 / 1
> ) ) * X
( I + X )
- ATAN • X )
* * 1 * LOG •
) + < 1
1 ) * X * *
* * 2 * LOG •
) # * 2
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$ COSH

Examples of successive differentiation: (Example 3)
DATA VECTOR

•  < X * * 2  ~  3 *  X 4  1 j

IN P U T  M A T R IX

3 » X
X • * 2
R2 - R1
R3 ♦ 1
COSH • R4

D E R I V A T I V E  M A TR IX

3 * 1
X • • 1
2 * RD7
RD8 — RD6
S I N H • R4
RD10 * R 0 9

D E R I V A T I V E VECTOR

$ S I N H •  < < X * » 2
*  X > + 1 # ' (
X * * 1 - 3 *  ' 1 )

IN P U T  M ATR IX
3 * X
X 2
R2 - R i
R3 ♦ i
S I N H • R4
2 * X
R6 — 3
R7 * R5

*v*
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D E R I V A T I V E  M A T R IX

3 ft 1
X » » 1
2 * R D lO
RD11 -  ■ RD9
COSH • R4
RD13 * RD 12
2 * 1
RD15 « R5
R D 14 * R7
RD16 ' «*• RD 17

D E R I V A T I V E  VECTOR

S < 2 * 1 • S I N H • ( «
X f t * 2 — 3 ft fc > +  •
) ) <¥ i COSH • ( ( X * •
2 3 * X t + 1 ) *
( 2 « X f t * 1 — 3 * 1
> * 2 « X - 3 ) )

X
2
R i
1
R4
X
3
2
R5
X
2
R I O
1
R 1 3
R 1 4
R9

IN P U T  M A TR IX  
3 *
X
ft2 
R3
COSH 
2R6 
R7  
R8  
3  
X
R l l  
R I 2  
S I N H  
2
R15
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DERIVATIVE MATRIX

3
X
2
RD19
S I N H
RD212
RT
2
RD25
RD26
R 0 2 2
RD27
3
X
2
RD32
COSH
R D 34
2
R 0 3 6

1
1
RD 18
R D 17R4
R D 2 0
1
1
R D 24
R D 23
R5
R8
RD 28
1
1
RD31
R D 30
R 1 3
R D 33
RD35
R D 29

D E R I V A T I V E  VECTOR
s ( 2 * COSH • t ( X * *
2 — 3 * X ) ♦ 1 > #
( 2 * X * * 1 3 *  ■ 1
) ) + ( 2 * ( 2 * X

3 i * * 1 * 2 * 1 •
COSH • ( < X * « 2 3 *
X ) + 1 ) > + ( S IN H •
( C X « * 2 - 3 * X )
♦ 1 ) # < 2 * X * * 1

3 * 1 ) * ■ < 2 * X
— 3 > * • 2 j
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EXAMPLE 2

DATA VECTOR

*  ( A *  X +  B ) * * c
V

IN P U T  M A T R IX

A *  X
R1 ♦  B
R2 * *  C

D E R I V A T I V E  M A T R IX

A * 1
C. — 1
R2 * * RD5
C * RD6
RD7 « RD4

D E R I V A T I V E  VECTOR

C *  C A *  X ♦  B ) 
( C 1 I *  A *  i

IN P U T  M A TR IX

C ■ — 1
A * X
R2 ♦ B
R * * * R l
C * R 4
R5 ••• 4 . A
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DERIVATIVE MATRIX
A *  1
R1 -  1
R3 * *  RD8
R1 *  RD9
R D 10  •  RD7
C *  RD11
RD12 *  A

D E R I V A T I V E  VECTOR
s . C * t c i ) * (
A * X + B ) *# < C c— 1 ) — 1 ) * A * 1
* A

IN P U T  M A T R IX

c — • 2
A * X
R2 B
R3 • • R1
C *  ' 1
c * R5
R6 * R4
R7 *  * A
R6 ■ * A

D E R I V A T I V E  M A T R iX

A
R1
R3
R1
RD13
R6RD15
RD16

1
1
R D l i
RD12
R D IO
R D 1 4AA



65.

DERIVATIVE VECTOR

s C * ( C - 1 > * i
c - 2 I * t A *  , X +
8 ) * * < ( C — 2 > -
1 ) * A • 1 * A # A

I N P U T  M A T R IX

C - 3
A * X
R2 + 8
R3 * « R I
C - 2
C - 1
C * R6
R7 * R5
R8 * R4
R9 * A
R I O * A
R l l * A

D E R I V A T I V E M A T R IX

A * 1Ri ' - i
R3 . • * R D 14
R i • RD15
RD16 * R D I 3
R8 * R D 17
RD18 * A
RD 19 * A
RD 20 « A

D E R I V A T I V E VECTOR

*  C * < CC 2 ) *
* I A * X( C 3 >* 1 * A «

(
+

1
C
8
i*

3
)
)
A

<
)
(
A



PATTERN PLANES

1C - 4

66-.

* *
*

1A
1
1
6
0
0
0
0
0

01
11
3
1

16
8

18A
19A
20A

0
0

14
15  
13  
1 7
0
0
0

PATCH

* «

0A
0
0
1

01 
01 
0 
0 
3
2
3A
3A
3A
1A

0
0
3
3
3
3
0
6
0
0

10

A
R01
RD3
R 01
R 0 3 4
R D 20
R 0 3 6
R 0 3 7
RD38
RD39
RD 40
R 0 4 1
R 0 4 2
R 0 4 3
RD 44

1
1
R 0 3 2
R D 33
RD31
RD 35
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